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INVARIANT GEODESICS IN THE CURVE COMPLEX
UNDER POINT-PUSHING PSEUDO-ANOSOV
MAPPING CLASSES
C. ZHANG
Abstract. Let S be a closed Riemann surface of genus p > 1 with one point
removed. In this paper, we identify those point-pushing pseudo-Anosov
maps on S that preserve at least one bi-infinite geodesic in the curve com-
plex.
1. Introduction and statement of results
Let S be a closed Riemann surface of genus p > 1 with n punctures removed.
Assume that 3p−4+n > 0. Let Mod(S) denote the mapping class group which
consists of isotopy classes of orientation preserving self-homeomorphisms of S.
In view of the Nielsen–Thurston classification theorem [16], elements of Mod(S)
are represented by periodic, reducible, or pseudo-Anosov maps. See Fathi–
Laudenbach–Poenaru [8] for the definitions and more information on reducible
and pseudo-Anosov maps.
The mapping class group Mod(S) can naturally act on the Teichmu¨ller
space T (S) as a group of isometries with respect to the Teichmu¨ller metric
dT . Royden’s theorem [14], whose generalization is due to Earle–Kra [7], as-
serts that with a few exceptions, the group of automorphisms of T (S) is the
group Mod(S). Following Bers [2] elements α ∈ Mod(S) can be classified as
elliptic, parabolic, hyperbolic, or pseudo-hyperbolic elements with the aid of
the index a(α) = inf{dT (y, α(y)) : y ∈ T (S)}. That is, α is elliptic if there
is y0 ∈ T (S) such that a(α) = dT (y0, α(y0)) = 0; parabolic if a(α) = 0
but dT (y, α(y)) > 0 for all y ∈ T (S); hyperbolic if there is y0 ∈ T (S) such
that a(α) = dT (y0, α(y0)) > 0; and pseudo-hyperbolic if a(α) > 0 and for all
y ∈ T (S), a(α) < dT (y, α(y)).
Bers [2] proved that an element α ∈ Mod(S) is elliptic if and only if it is
represented by a periodic map; α is parabolic or pseudo-hyperbolic if and only
if it is represented by a reducible map; and α is hyperbolic if and only if it is
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represented by a pseudo-Anosov map. Among other things, it is well known
that any hyperbolic element α preserves a unique bi-infinite geodesic l in T (S)
(called Teichmu¨ller geodesics in the literature), and hyperbolic elements are the
only elements that keep some bi-infinite geodesics invariant. We remark here
that the existence of l was proved by Bers [2]; and the uniqueness of l was
proved in Bestvina–Feighn [3] using topological methods.
The mapping class group Mod(S) acts on the complex of curves C(S) of S
as well, where C(S) is the simplicial complex whose vertex set C0(S) is the
collection of simple closed geodesics on S and whose k-dimensional simplicies
Ck(S) are the collections of (k+1)-tuples (v0, v1, · · · , vk) of disjoint simple closed
geodesics on S (see Harvey [11]). It is well-known that C(S) is connected and
locally infinite. For simplicity, any path {(u, u1), (u1, u2), · · · , (us, v)} joining
two vertices u, v ∈ C0(S) is denoted by [u, u1, · · · , us, v]. It is natural to define a
path distance dC(u, v) for any u, v ∈ C0(S) to be the minimum number of sides
in C1(S) joining u and v, where one of the paths that achieves the minimum
length is called a geodesic segment joining u and v. Masur–Minsky [13] showed
that C(S) has an infinite diameter and is δ-hyperbolic in the sense of Gromov
[9].
When considering actions of elements of Mod(S) on C(S), things are similar
but different than that on T (S). Ivanov [10] showed that with a few excep-
tions, the group of automorphisms of C(S) is the full group Mod(S). It was
shown in [13] that elements of Mod(S) can be classified as elliptic and hyper-
bolic elements (see also [9] for the definition and terminology). In particular,
Mod(S) contains no parabolic elements and hyperbolic elements are represented
by pseudo-Anosov maps.
In [5], Bowditch proved that there exists an integer m, whose precise value
is unknown, such that for any hyperbolic mapping class f , the power fm
preserves finitely many bi-infinite geodesics in C(S), where an infinite path
[· · · , u−m, · · · , u0, · · · , um, · · · ] is called a bi-infinite geodesic if u−m and um
both tend to points in the Gromov boundary ∂C(S) of C(S) and for any m, the
subpath [u−m, · · · , u0, · · · , um] is a geodesic segment connecting u−m and um.
It is quite obvious that a non periodic or a non pseudo-Anosov map does not
preserve any bi-infinite geodesic. See Section 2 for more expositions.
The question arises as to whether there exist some primitive pseudo-Anosov
maps that preserve bi-infinite geodesics.
Let x be a puncture of S. Let F ∗ ⊂ Mod(S) be the subgroup consisting of
mapping classes projecting to the trivial mapping class on S˜ = S ∪ {x}. Let
F ⊂ F ∗ be the subset consisting of primitive pseudo-Anosov elements isotopic
to the identity on S˜. Then F 6= ∅ and contains infinitely many elements (Kra
[12]). More precisely, each primitive and oriented filling closed geodesic c˜ on S˜
(that is, c˜ is not a power of any other closed geodesic and intersects every simple
closed geodesic on S˜) is associated with a conjugacy class H(c˜) that consists
of mapping classes conjugate in Mod(S) to the point-pushing pseudo-Anosov
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mapping class along the geodesic c˜, and F is partitioned into a disjoint union
of conjugacy classes H(c˜) for all primitive and oriented filling closed geodesics
on S˜.
Let S denote the set of primitive, oriented filling closed geodesics on S˜, and
let S (2) be the subset of S consisting of filling closed geodesics that intersect
every simple closed geodesic at least twice. It is easy to see that both S (2) and
S \S (2) are not empty. For every c˜ ∈ S \S (2), we denote by Sc˜ the (finite)
set of simple closed geodesics intersecting c˜ only once.
Our aim in this paper is to investigate the actions of elements of F ∗ on C0(S)
and to uncover elements in F ∗ that preserve some bi-infinite geodesics in C(S).
In contrast to Theorem 1.3 of [5], we will prove the following result.
Theorem 1.1. Let S be of type (p, 1) with p > 1. We have:
(1) Elements of F ∗\F do not preserve any bi-infinite geodesics in C(S).
(2) Let f ∈ F be such that the corresponding filling geodesic c˜ ∈ S \S (2).
Then f preserves at least one bi-infinite geodesic in C(S).
(3) There is a injective map I of Sc˜ into the set of f -invariant bi-infinite
geodesics in C(S) so that I (Sc˜) consists of disjoint bi-infinite geodesics.
Remark. It is not known whether I is a bijection; and whether f ∈ F
preserves a bi-infinite geodesic when the corresponding filling geodesic c˜ is in
S (2).
The curve complex C(S˜) along with the vertex set C0(S˜) and the path metric
dC on C(S˜) can similarly be defined. For each u˜ ∈ C0(S˜), let Fu˜ denote the set
of vertices u in C0(S) such that u is freely homotopic to u˜ as the puncture x
is filled in. Let H be a hyperbolic plane and let ̺ : H → S˜ be the universal
covering map with covering group G. Then with the help of the covering map ̺,
every u ∈ Fu˜ is associated with a configuration (τu,Ωu,Uu), and every element
f ∈ H(c˜) corresponds to an essential hyperbolic element g of G. Let axis(g)
be the axis of g that is the unique g-invariant geodesic in H. See Section 2 for
more details.
Let fm(u) denote the geodesic freely homotopic to the image curve of u under
fm. Theorem 1.1 follows from the following result.
Theorem 1.2. Let u˜ ∈ C0(S˜) and c˜ ∈ S . Let u ∈ Fu˜ and f ∈ H(c˜) be such that
Ωu∩axis(g) 6= ∅. Then u˜ intersects c˜ only once if and only if dC(u, f
m(u)) = m
for all m, in which case, there is a unique geodesic segment connecting u and
fm(u).
This paper is organized as follows. In Section 2, we collect some basic facts
about mapping class groups acting on the curve complex, as well as some back-
ground information on Bers isomorphisms. In Section 3, we refine the argument
in [22] to estimate the lower bound for the distance dC(u, f
m(u)) in terms of
the intersection number between the corresponding geodesics. In Section 4, we
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relate a geodesic segment joining u and fm(u) to a sequence of adjacent convex
regions in H. In Section 5, we prove the main results.
2. Mapping class group acting on the curve complex
§2.1. In [13], Masur–Minsky proved that there is a constant ǫ, depending
only on the type (p, n) (with 3p + n − 4 > 0) of the surface S, such that
for any pseudo-Anosov map f , any vertex u ∈ C0(S) and any integer m >
0, dC(u, f
m(u)) ≥ ǫ|m|. From this fact together with the Nielsen–Thurston
classification for mapping classes [16], the following result is easily deduced:
Lemma 2.1. [13] Let S be as above, and let f ∈ Mod(S). Then either f q for
some q has fixed points in C0(S), or f acts on C(S) as a hyperbolic translation
which has two fixed points on ∂C(S).
For the notion of hyperbolic translations, we refer to Gromov [9]. Note that
the two classes in Lemma 2.1 are exclusive. As an easy corollary of Lemma 2.1,
we obtain
Lemma 2.2. If f ∈ Mod(S) is reducible, then f does not preserve any bi-
infinite geodesic in C(S).
Proof. Suppose that a reducible mapping class f in Mod(S) keeps an infinite
geodesic L = [· · · , u−m, · · · , u0, · · · , um, · · · ] invariant, i.e., f(L) = L. Since
f q (for all q) keeps only finitely many vertices in C0(S), there is an integer
m > 0 such that f q for any q has no fixed points on the union of the rays
[um, · · · ] ∪ [· · · , u−m].
By selecting a subsequence if needed, we may assume without loss of gen-
erality that (i) f j([um, · · · ]) ⊂ [um, · · · ], (ii) f
−j([· · · , u−m]) ⊂ [· · · , u−m], and
(iii) as j → +∞, both dC(um, f
j(um)) and dC(u−m, f
−j(u−m)) tend to infinity.
Note that f j(um) and f
−j(u−m) belong to L and that dC(u−m, um) is finite. It
follows that
dC(f
j(um), f
−j(u−m))→ +∞
as m→ +∞.
By taking a suitable power if necessary, we may also assume that f(u) = u
for some u ∈ C0(S). Denote by K = max{i(u, um), i(u, u−m)}. Then since f
j is
a homeomorphism, K ≥ i(u, um) = i(f
j(u), f j(um)) = i(u, f
j(um)). Similarly,
we have K ≥ i(u, f−j(u−m)). From Lemma 2.1 of [13] (or [6]), we conclude
that dC(u, f
j(um)) ≤ K + 1 and dC(u, f
−j(u−m)) ≤ K + 1. It follows from the
triangle inequality that dC(f
−j(um), f
j(um)) < +∞ for all m. This contradicts
that dC(f
j(um), f
−j(u−m))→ +∞. 
§2.2. Let Q(G) denote the group of quasiconformal automorphisms w on
the hyperbolic plane H that satisfy wGw−1 = G. Following Bers [1], two such
maps w,w′ ∈ Q(G) are said equivalent if w|S1 = w
′|S1 , where S
1 denotes the
unit circle which can be identified with the boundary of H. Denote by [w] the
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equivalence class of w ∈ Q(G) and by Q(G)/ ∼ the quotient group of Q(G)
by the above equivalence relation. The Bers isomorphism theorem (Theorem 9
of [1]) asserts that there is an isomorphism ϕ∗ of Q(G)/∼ onto Mod(S). For
simplicity, let [w]∗ denote the mapping class ϕ∗([w]).
It is clear that G can be regarded as a normal subgroup of Q(G)/∼. Every
hyperbolic element h ∈ G keeps a unique geodesic in H invariant. This geodesic
is called the axis of h and is denoted by axis(h). A hyperbolic element g ∈ G
is called essential if ̺(axis(g)) is a filling closed geodesic. Let G′ ⊂ G be the
collection of all primitive essential hyperbolic elements. Then ϕ∗(G′) = F and
ϕ∗(G) = F ∗. For an element h ∈ G, we denote by h∗ the mapping class ϕ∗(h).
Let π1(S˜, x) denote the fundamental group of S˜. Let µ : G → π1(S˜, x)
denote an isomorphism (which depends only on the choice of a point xˆ ∈ H
with ̺(xˆ) = x). By virtue of Theorem 4.1 and Theorem 4.2 in Birman [4], there
is an exact sequence
(2.1) 0 −→ π1(S˜, x) ∼= G −→ Mod(S) −→ Mod(S˜) −→ 0,
where Mod(S) → Mod(S˜) is the natural puncture-forgetting projection. In
(2.1) an element g ∈ G is identified with the pure mapping class in Mod(S)
that corresponds to the loop representing µ(g) in π1(S˜, x).
Let u ∈ C0(S) be a non preperipheral vertex; that is, u is homotopic to a
non-trivial geodesic on S˜ if u is also viewed as a curve on S˜. Let u˜ ∈ C0(S˜)
be the corresponding vertex. Denote by Ru˜ the collection of all components of
H\{̺−1(u˜)}, where
{̺−1(u˜)} = {all geodesics uˆ in H such that ̺(uˆ) = u˜}.
Two components Ω1,Ω2 ∈ Ru˜ are said adjacent if Ω1 and Ω2 share a common
geodesic boundary a, that is, Ω1 ∩ Ω2 = a. Note that a ∈ {̺
−1(u˜)}. It was
shown (Lemma 2.1 of [22]) that there is a bijection χ between Ru˜ and Fu˜, and
two regions Ω1 and Ω2 ∈ Ru˜ are adjacent if and only if dC(χ(Ω1), χ(Ω2)) = 1, in
which case, {χ(Ω1), χ(Ω2)} forms the boundary of an x-punctured cylinder on
S. That is to say, χ(Ω1) and χ(Ω2) are disjoint and homotopic to each other on
S˜ when χ(Ω1) and χ(Ω2) are viewed as curves on S˜. It was shown in [22] that
any fiber Fu˜, u˜ ∈ C0(S˜), is path connected in Fu˜ (The fact that Fu˜ is connected
for closed surface S˜ was proved in [15]).
Now each u ∈ Fu˜ is non preperipheral, which allows us to define a configu-
ration (τu,Ωu,Uu) corresponding to u, where Ωu = χ
−1(u), τu is the lift of the
Dehn twist tu˜ so that τu|Ωu = id and [τu]
∗ = tu, and Uu is a partially ordered
set which is the collection of all half-planes in H defined by τu. Maximal ele-
ments of Uu are mutually disjoint, and their union is the complement of Ωu in
H. From the construction, we also know that τu keeps each maximal element
of Uu invariant. See [18] for more details.
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3. Distances and intersection numbers between vertices
Throughout the rest of the article we assume that S is of type (p, 1) with p >
1. This assumption guarantees that each vertex in C0(S) is non preperipheral.
Fix u˜0 ∈ C0(S˜) and c˜ ∈ S . For simplicity, we also use the symbol i(c˜, u˜0) to
denote the geometric intersection number between u˜0 and c˜. We may assume
that u˜0 intersects c˜ at non self-intersection points of c˜ by performing a small
perturbation if needed. Let u0 ∈ C0(S) be obtained from u˜0 by removing the
point x. Let (τ0,Ω0,U0) be the configuration that corresponds to u0. Let g ∈ G
be essential hyperbolic such that ̺(axis(g)) = c˜ and axis(g) ∩ Ω0 6= ∅. Write
f = g∗. Then f ∈ F is an element of H(c˜).
By abuse of language, in what follows, for each u ∈ C0(S), we let u˜ be
the corresponding vertex in C0(S˜) under the natural projection from C0(S) onto
C0(S˜) (which is well defined since S contains only one puncture x), which means
that u and u˜ are homotopic to each other on S˜ as x is filled in.
The following lemma is a refinement of Theorem 1.2 of [21].
Lemma 3.1. Suppose i(c˜, u˜0) ≥ 2. Then for any integer m > 0, we have
dC(u0, f
m(u0)) ≥ m+ 1.
Proof. Since g is an essential hyperbolic element of G, by Lemma 3.1 of [19],
axis(g) is not contained in Ω0, which implies that there exist maximal elements
∆0,∆
∗
0 ∈ U0 such that axis(g) intersects ∂∆0 and ∂∆
∗
0. Let A,B denote the
attracting and repelling fixed points of g. ∆0 and ∆
∗
0 are disjoint. Assume
that A ∈ ∆0 ∩ S
1 and B ∈ ∆∗0 ∩ S
1. We know that Ω0 ⊂ H\∆0 ∪∆∗0. Write
P0Q0 = ∂∆0. We refer to Figure 1, where ∆0 is the component of H\P0Q0
containing A.
Note that ̺(axis(g)) = c˜. The assumption that i(c˜, u˜0) = N , where N ≥ 2,
says that P1Q1 = g(∂∆
∗
0) is disjoint from P0Q0 and “lies below” P0Q0. Let R0
be the region bounded by P0Q0 and P1Q1. Observe that the geodesic axis(g)
inherits a natural orientation that points from B to A. Now consider a point
z ∈ axis(g) moving fromB to A along axis(g). When z starts entering the region
R0, it crosses N − 1 disjoint geodesics in {̺
−1(u˜0)} and then crosses P1Q1 and
leaves the region R0. Of course, careful investigations on the N − 1 geodesics
and their relative positions are interesting but not needed in this paper.
For j = 1, · · · ,m, we denote by
(3.1) P2j−1Q2j−1 = g
j(∂∆∗0) and ∆
′
2j−1 = g
j(∆∗0),
and for j = 1, · · · ,m− 1, we let
(3.2) P2jQ2j = g
j(P0Q0).
Let ∆′2j be the component ofH\P2jQ2j containing the repelling fixed point B of
g. Then all PkQk ∈ {̺
−1(u˜0)}; that is, ̺(PkQk) = u˜0 for all k = 0, · · · , 2m− 1.
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Q1
Q2
Q3
Q4
Q5
Q6
Q7
Q2m−1
Q2m−2
B
A
P1
P2
P3
P4
P5
P6
P7
P2m−2
P2m−1
∆′2
∆′4
∆′6
Fig. 1
❄
g
∆′5
∆′3
P0
∆′1
Q0∆∗0
∆′7
It is evident that all the geodesics PkQk, 0 ≤ k ≤ 2m − 1, are mutually
disjoint and for any j = 1, · · · ,m − 1, the geodesics P2jQ2j lies in between
P2j−1Q2j−1 and P2j+1Q2j+1. The geodesics PkQk with 1 ≤ k ≤ 2m − 1 give
rise to a partition of H, and each one of which is referred to as a level geodesic
with level k in the sequel.
Let (PkPk+1) and (QkQk+1) denote the subarcs of S
1\{A,B} connecting
Pk, Pk+1 and Qk, Qk+1, respectively. By examining the action of g on S
1, for
j = 1, · · · ,m− 2, we have
(3.3) g(P2j−2P2j) = (P2jP2j+2) and g(Q2j−2Q2j) = (Q2jQ2j+2).
As usual, let f j(u0) denote the geodesic homotopic to the image curve of
u0 under the map f
j for all j. Set um = f
m(u0). Let [u0, u1, · · · , us, um] be a
geodesic segment in C1(S) joining u0 and um. Then all uj are non-preperipheral
and thus u˜j are all non-trivial simple closed geodesics on S˜. Let (τj ,Ωj,Uj) be
the configurations corresponding to uj.
In what follows, the region Ωj is said to be located above level k for some
1 ≤ k ≤ 2m− 1 if Ωj ∩∆
′
k 6= ∅. Likewise, Ωj is said to be located at level k if
∆′k is a maximal element of Uj. See [21] for more detailed information.
By construction, Ω0 ⊂ H\∆0 ∪∆∗0 (in fact, H\(Ω0 ∪∆0 ∪∆
∗
0) is a disjoint
union of infinitely many maximal elements of U0). By a similar argument of
Theorem 1.2 of [21] (together with Lemma 2.1 of [20], (3.2) and (3.3)), we know
that Ω1 is located above or at level zero. By an induction argument, one shows
8 C. ZHANG
that for all j = 1, · · · , s with s ≤ m−1, Ωj is located above or at level 2(j−1).
In particular, we conclude that Ωm−1 is located above or at level 2(m− 2).
If Ωm−1 is located at level 2(m − 2) = 2m − 4, then there is a maximal
element ∆m−1 ∈ Um−1 that covers the attracting fixed point A of g such that
∂∆m−1 lies above level 2(m − 1) = 2m − 2. Note that the point P2m−2 lies
in the arc (P2m−3P2m−1) and Q2m−2 lies in the arc (Q2m−3Q2m−1). So the re-
gion bounded by the two geodesic P2m−2Q2m−2 and P2m−3Q2m−3 is not empty.
By construction, ∆′2m−1 is the component of H\P2m−1Q2m−1 containing the
repelling fixed point B. Hence ∆m−1 ∩ ∆
′
2m−1 6= ∅ and ∆m−1 ∪ ∆
′
2m−1 = H.
Note also that the configuration
(τm,Ωm,Um) := (g
mτ0g
−m, gm(Ω0), g
m(U0))
corresponds to fm(u0) ∈ C0(S). Since ∆
∗
0 ∈ U0, g
m(∆∗0) = ∆
′
2m−1 ∈ g
m(U0) =
Um, we conclude that ∆
′
2m−1 ∈ Um. By Lemma 4 of [17], um−1 intersects
um = f
m(u0), which implies that dC(um−1, um) ≥ 2. Thus s ≥ m, which says
dC(u0, um) ≥ m+ 1, as asserted.
If Ωm−1 is located above level 2(m − 2) = 2m − 4, then by Lemma 3.1 of
[21], there is a maximal element ∆m−1 ∈ Um−1, which covers the attracting
fixed point A, such that either (i) ∂∆m−1 ∩ P2m−2Q2m−2 6= ∅, or (ii) ∂∆m−1 ∩
P2m−2Q2m−2 = ∅ but ∆m−1 ∪∆
′
2m−1 = H. If (ii) occurs, by Lemma 4 of [17]
again, um−1 intersects um = f
m(u0), which implies that dC(um−1, um) ≥ 2.
So s ≥ m. Suppose (i) occurs. We observe that ̺(∂∆m−1) = u˜m−1 and
̺(P2m−2Q2m−2) = u˜0. Then u˜m−1 intersects u˜m. But u˜m = u˜0. This in turn
implies that um−1 intersects um, and so s ≥ m. 
P1 Q1
P2
Q2
P3 Q3
Pm Qm
Pm−1 Qm−1
A
B
∆∗0
∆′1
∆′2
∆′3
∆′m
∆′m−1
g
Fig. 2
❄
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4. Geodesic paths in the curve complex
In this section, we study geodesic segments connecting u0 and um, where we
recall that um = f
m(u0) which is the geodesic homotopic to the image curve
of u0 under the map f
m. For a discussion purpose, in what follows we only
need a “coarser partition” of H which is described below. See also [21] for more
details.
Let ∆0,∆
∗
0 and g be as in Section 3. For j = 1, · · · ,m, write PjQj = g
j(∂∆∗0).
These geodesics PjQj are referred to as level geodesics with level j. As usual,
put ∆′j = g
j(∆∗0). See Figure 2.
Let [u0, u1, · · · , us, um] be a path connecting u0 and um. Here we empha-
size that the path is not assumed to be a geodesic segment. Then all uj are
non-preperipheral. Once again, let (τj,Ωj ,Uj), j = 0, · · · , s,m, be the config-
urations corresponding to uj.
Lemma 4.1. With the above notation, if Ωj is located above level j for some j
with 1 ≤ j ≤ s, then s ≥ m.
Proof. If Ωj is located above level j for some j ≤ m − 2, then by Lemma 3.1
of [21], there exists a maximal element ∆j ∈ Uj such that ∆j covers attracting
fixed point A of g and either ∂∆j lies above Pj+1Qj+1 or ∂∆j crosses Pj+1Qj+1
(Figure 3 and Figure 4).
Pj+1 Pj+1Qj+1
∆j
Yj Xj
❄ ❄
g g
A A
B B
Xj
Yj
Qj+1
∆j
Fig. 3 Fig. 4
∆′j+1 ∆
′
j+1
There are two cases to consider.
Case 1. Ωj+1 is located at level j + 1. There is a maximal element ∆
′′
j+1 ∈
Uj+1 such that ∆
′′
j+1 = ∆
′
j+1. If Figure 3 occurs, then ∆
′′
j+1 ∩ ∆j 6= ∅,
∂∆′′j+1 ∩ ∂∆j = ∅ and ∆
′′
j+1 ∪ ∆j = H. From Lemma 4 of [17], we deduce
that dC(uj+1, uj) ≥ 2. This is a contradiction. If Figure 4 occurs, then ∂∆j
10 C. ZHANG
intersects ∂∆′′j+1, which implies that u˜j+1 intersects u˜j . Thus uj+1 intersects
uj . This again contradicts that dC(uj+1, uj) = 1.
Case 2. Ωj+1 is located below level j+1. This means that there is a maximal
element ∆′′j+1 ∈ Uj+1 that contains ∆
′
j+1. If Figure 3 occurs, then by the same
argument as in Case 1, we deduce that dC(uj+1, uj) ≥ 2. If Figure 4 occurs,
then either ∂∆′′j+1 crosses ∂∆j or we have ∆
′′
j+1 ∩ ∆j 6= ∅, ∂∆
′′
j+1 ∩ ∂∆j = ∅
and ∆′′j+1 ∪ ∆j = H. In both cases, by the same argument as in Case 1, we
deduce that dC(uj+1, uj) ≥ 2. This again contradicts that dC(uj+1, uj) = 1.
We conclude that all Ωk with k > j lie above level k. In particular, Ωm−1 is
located above level m− 1. So there is a maximal element ∆m−1 ∈ Um−1 such
that either ∂∆m−1 lies above level m or ∂∆
′
m crosses ∂∆m−1. In both cases, by
the same argument as in Case 1 and Case 2, we assert that dC(um−1, um) ≥ 2.
It follows that s ≥ m. 
Let u˜0 ∈ C0(S˜) and c˜ ∈ S \S (2) be such that i(u˜0, c˜) = 1. Let u0, g, and
(τ0,Ω0,U0) be as before. Then g possesses the property that ̺(axis(g))∩Ω0 6= ∅.
As an easy consequence of Lemma 4.1, we obtain
Lemma 4.2. With the above conditions, if Ωj is located above level j for some j
with 1 ≤ j ≤ s, then the path [u0, · · · , us, um], where um = f
m(u0) and f = g
∗,
is not a geodesic path.
Proof. By Lemma 4.1, we assert that s ≥ m. But from the assumption, we
know that i(c˜, u˜0) = 1, which means that dC(u0, f(u0)) = 1, and so for all j
with 0 ≤ j ≤ m − 1, dC(f
j(u0), f
j+1(u0)) = 1. It follows from the triangle
inequality that dC(u0, f
m(u0)) ≤ m. So by the definition, [u0, · · · , us, um] is
not a geodesic path. 
Lemma 4.3. With the same notations as in Lemma 4.1, suppose that a path
[u0, u1, · · · , us, um] is a geodesic path. Then i(c˜, u˜0) = 1 if and only if all Ωj
are located at level j.
Proof. By the same argument as in Lemma 4.2, we obtain
(4.1) dC(u0, f
m(u0)) ≤ m.
If there is Ωj0 that is located above level j0, then by Lemma 4.1, all Ωj with
j ≥ j0 are located above level j. By the same argument of Lemma 4.1, we
conclude that dC(u0, f
m(u0)) ≥ m+ 1. This contradicts (4.1).
Conversely, if all Ωj are located at level j, then for j = 0, · · · ,m − 1,
Ωj is adjacent to Ωj+1. By Lemma 2.1 of [22], dC(uj , uj+1) = 1. Hence
dC(u0, f
m(u0)) = m. By virtue of Lemma 3.1, we deduce that i(c˜, u˜0) = 1. 
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5. Proof of results
Proof of Theorem 1.2: Assume that dC(u0, f
m(u0)) = m. If i(c˜, u˜0) ≥ 2, then
by Lemma 3.1, we have dC(u0, f
m(u0)) ≥ m+ 1. This is a contradiction. This
shows that i(c˜, u˜0) = 1.
Conversely, suppose i(c˜, u˜0) = 1. Let [u0, u1, · · · , us, um] be a geodesic seg-
ment joining u0 and um. Then all u1, · · · , us are non-preperipheral geodesic,
which means that u˜1, · · · , u˜s, are non-trivial, Let (τj,Ωj ,Uj) be the configu-
rations corresponding to uj . By Lemma 4.3, all Ωj where j = 1, . . . , s, are
located at level j. This implies that Ωj is adjacent to Ωj+1 for j = 1, · · · , s− 1.
If s ≤ m− 2, then by the same argument of Lemma 3.1, dC(us, um) ≥ 2. This
is absurd. So s ≥ m− 1.
On the other hand, if for all j = 1, 2, · · · ,m− 2, Ωj is adjacent to Ωj+1, then
Ωm−1 is also adjacent to Ωm, which tells us that dC(χ(Ωm−1), χ(Ωm)) = 1, that
is, dC(um−1, um) = 1. It follows that s = m− 1. In this case,
dC(u0, f
m(u0)) =
m−1∑
j=0
dC(χ(Ωj), χ(Ωj+1)) = m.
Hence the geodesic segment connecting u0 and um is realized by the sequence
Ω0,Ω1, · · · ,Ωm. Note that χ(Ωj) = χ(g
j(Ω0)) = f
j(u0). We conclude that the
geodesic segment connecting u0 and um is
[u0, f(u0), f
2(u0), · · · , f
m−1(u0), f
m(u0)].
If there is another geodesic segment [u0, v1, · · · , vm−1, um] connecting u0 and
um, then there is j, such that vj 6= f
j(u0). Since vj for j = 1, · · · ,m − 1 are
non-preperipheral, v˜j are all non-trivial geodesics, which allows us to define
configurations (τ ′j ,Ω
′
j,U
′
j ) corresponding to vj . Then the assumption that vj 6=
f j(u0) implies that Ω
′
j is not located at level j. By the argument of Theorem
1.2 of [21], Ωj lies above level j. From the same argument of Lemma 4.1, we
conclude that dC(u0, f
m(u0)) ≥ m + 1. This leads to a contradiction, proving
that the geodesic segment connecting u0 and um is unique. 
Proof of Theorem 1.1: Assume that c˜ ∈ S \S (2). Choose u˜0 ∈ C0(S˜) so that
i(c˜, u˜0) = 1. Let u0 ∈ Fu˜0 be such that Ω0 ∩ axis(g) 6= ∅, where g ∈ G sat-
isfies the condition g∗ = f and (τ0,Ω0,U0) be the configuration correspond-
ing to u0. By Theorem 1.2, for every m ≥ 1, [u0, f(u0), · · · , f
m(u0)] and
[u0, f
−1(u0), · · · , f
−m(u0)] are the unique geodesic segments connecting u0, um,
and u0, u−m, respectively.
We claim that Lm = [f
−m(u0), · · · , f
−1(u0), u0, f(u0), · · · , f
m(u0)] is a geo-
desic segment connecting f−m(u0) and f
m(u0). Otherwise, the triangle inequal-
ity yields that dC(f
−m(u0), f
m(u0)) < 2m. If Lm is not a geodesic segment,
then since fm acts on C(S) as an isometry with respect to the path metric dC ,
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fm(Lm) = [u0, · · · , f
2m(u0)] would not be a geodesic segment, which contra-
dicts Theorem 1.2.
We conclude that Lm is a geodesic path connecting u−m and um for all
m > 0. To see that Lm is the only geodesic segment joining u−m and um,
we suppose there are two different geodesic segments Lm and L
′
m joining u−m
and um. Then since f
m is an isometry, fm(Lm) and f
m(L′m) would be two
different geodesic segments connecting u0 and u2m, and this would contradict
the uniqueness part of Theorem 1.2.
It is now clear that both f−m(u0) and f
m(u0) tend to the boundary ∂C(S)
as m→ +∞, and
Lu0 = [· · · , f
−m(u0), · · · , f
−1(u0), u0, f(u0), · · · , f
m(u0), · · · ]
is an invariant bi-infinite geodesic under the action of f j for any j. We then
define the map I by sending u˜0 to Lu0 .
Let u′0 ∈ Fu˜0 be such that u0 6= u
′
0 and axis(g) ∩ Ω
′
0 6= ∅. We have u˜0 = u˜
′
0.
Hence Ω′0 ∈ Ru˜0 . By assumption we have axis(g) ∩Ω
′
0 6= ∅. Therefore, there is
j ∈ Z such that Ω′0 = g
j(Ω0). This shows that Lu0 = Lu′
0
. Thus the map I is
well defined.
Assume that u˜0, v˜0 ∈ C0(S˜) be such that u˜0 6= v˜0 and i(c˜, u˜0) = i(c˜, v˜0) = 1.
The vertices u0 and v0 ∈ C0(S) are so chosen that satisfy
(i) u0 ∈ Fu˜0 , v0 ∈ Fv˜0 , and
(ii) Ωu0 ∩ axis(g) 6= ∅ and Ωv0 ∩ axis(g) 6= ∅.
By Theorem 1.1, we assert that
Lv0 = [· · · , f
−m(v0), · · · , f
−1(v0), v0, f(v0), · · · , f
m(v0), · · · ]
is also an invariant bi-infinite geodesic under the action of f j for any j.
To show that I is injective, i.e., Lu0 6= Lv0 , we only need to show that v0
is not a vertex in Lu0 . Suppose that v0 = f
i(u0) for some m ∈ Z. Then since
f ∈ F , it is isotopic to the identity on S˜ as x is filled in. It follows that v0 is
freely homotopic to u0 if u0 and v0 are both viewed as curves on S˜. That is,
u˜0 = v˜0. This contradicts that u˜0 6= v˜0.
The argument above also shows that Lu0 and Lv0 are disjoint bi-infinite
geodesics in C(S).
Since F ∗ is isomorphic to the fundamental group π1(S˜, x); it does not contain
any elliptic elements. Thus (1) in Theorem 1.1 is a special case of Lemma
2.1. 
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